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\/hen a well is pumped or otherwise discharged, water-levels in its neighborhood are lowered. 
Unless this lowering occurs instantaneously it represents a loss or storage, either by the un­
watering of a portion o! the previously saturated sediments i! the aquifer is nonartesian or by 
release of stored water by the compaction or the aquifer due to the lowered pressure 1! the 
aquifer is artesian. The mathematical theory o! ground-water hYdraulics has been baaed, appar­
ently entirely, on a postulate that equilibrium has been attained and therefore that water-levels 
are no longer falling. In a great number of hydrologic problems, involving a well or pumping 
district near or in which water-levels are falling, the current theory is therefore not strictly 
applicable. This paper investigates in part the nature and consequences or a mathematical theorY 
that considers the motion o! ground-water before equilibriWI is reached and, as a consequence, 
involves time as a variable. 

To the extent that Darcy's law governs the motion or ground-water under natural conditions 
and under the art1!1cial conditions set up by pumping, an analogy exists between the hydrologic 
conditions in an aquifer and the thermal conditioru:~ in a sillilar thl!l"'Ul system. 1Jarcy1l!l lllllf is 
analogous to the law or the !low or heat by conduction, hYdraulic pressure being analogous to 
temperature, pressure-gradient to thermal gradient, permeability to thermal conduetivity, and 
specific yield to specific heat. Therefore, the mathematical theory or heat-conduction devtl· 
oped by Fourier and subsequent writers is largely appliCable. to hydraulic theory. This analogy 
has been recognized, at least since the work of Slichter, but apparently no attespt has been 
made to introduce the function o! time into the matheaatics or ground·JIIl.ter hydrology. Aaong 
the many problems in heat-conduction analogous to those in ground-water hYdraulics are those 
concerning sources and sinks, sources being analogous to recharging wells and sinks to ord1Dar.J 
discbarging wells. 
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C. I. Lubin, of the University of Cincinnati, has with great kindness prepared for me the 
following derivation or the equation expressing changes in temperature due to the type ot source 
or sink that is analogous to a recharging or discharging well under certain ideal conditions, to 
be discussed below. 

The equation given by H. s. Carslaw (Introduction to the mathematical theory of the con­
duction Of heat in solids, 2nd ed., p. 152, 1921) !or the temperature at any point in an infinite 
plane with initial temperature zero at any time due to an "instantaneous line-source coinciding 
with the axis of z of strength Q" (involving two-dimensional !low or heat) is 

v z (Q/41fX.t) ew(x2 + y2)/4 x.t (1) 

where v • change in temperature at the point x,y at the time t; Q • the strength of the source 
or sink--in other words, the amount or heat added or taken out instantaneously divided by the 
specific heat per unit-volume.; K. • Kelvin's coefficient of di!tusivi ty, which is equal to the 
coefficient of conductivity divided by the specific heat per unit-volume; and t • time. 

The effect of a continuous source or sink of constant strength is derived from equation (ll 

as follows: Let Q • 'f'(t 1 )dt 1 • then vc t) • r t(m(t' )/41fx.(t-t' )] e-<x2+Y2 l/4x. (t-t' l dt' • x,y, Jo T • 

Let w(t') ·).,a constant; then v(t) • ()./47TK) fotre-<x
2
+rl/4 1<.(t-t')/(t-t•)] dt'. Let 

u * (x2+y2)/41t (t-t' ); then 

v(t) "0 . ./41fl<:) Jc:2+yB)/4 J<.t [e-u/(t-t')] ((x2
+)'

2)/41<:] [du/u2 ] 

= (>./47!"1<:) lr,~+y2)/4 K.t (e-u/u)du (2) 

The definite integral, fc:2+y2 )/4 K. t (e-u/u)du, is a torm or the exponential integral, 

tables or which are available (Smithsonian Physical Tables, 8th rev. ed., table 32, 1933; the 
values to be used are those given for Ei (-x), with the sign changed). The value o! the integral 
is given by the series 

hrn (e-u/u)du • -0.577216- loSex + x- x2/2 • 2! + x3/3 • 3! - x4/4 • 4! + ..... (3) 

Equation (2) can be immediately adapted to ground-water hydraulics to express the draw-down 
&t any point at any time due to pumping a well. The coefficient o! dif!usivity, , is analogous 
to the coefficient of transmissibility of the aquifer divided by the speci!ic yield. (The term 
•coefficient of transmissibility• is here used to denote the product or Meinzer's coefficient of 
permeability and the thickness o! the saturated portion of the aquifer; it quantitatively de­
scribes the ability of the aquifer to transmit water. Meinzer's coefficient of permeability de­
notes a characteristic or the material: the coefficient of transmissibility denotes the analogous 
characteristic of the aquifer as a whole.) The continuous strength of the sink is analogous to 
the pumping rate divided bY the specific yield. Making these substitutions, we have 

v - (F/41fT) .~r:s/4Tt (e-u/u)du (4) 

in which the s)'mbols have the meanings given with equation (5). In equation. (4) the same units 
•ust of course be used throughout. Equation {4) may be adapted to units co~onlY used 

],
00 u 

v a {114.6F/r) l.B?r2s/rt {e- /uldu (5) 

"here v • the draw-down, in teet, at any point in the vicinity ot a well pumped at a uoi!orm 
rate; r • the discharge o! the well, in gallons a minute; r• the coefficient ot transmissibil­
itY of aquifer, in gallons a day, through each l-foot strip extending the height ot the aqui!er, 
under a unit-gradient--this is the average coefficient of permeability (Meinzer) multiplied by 
the thickness of the aquifer; r • the distance from pumped well to point of observation, in feet; 
e • the specific yield, as a decimal fraction; and t • the time the well nas been pumped, in days. 

Equation (5) gives the draw-down at any point around a well being pumped uniformlY (and 
continuously) !rom a homogeneous aquifer or constant thickness and infinite areal extent at any 
t1••· fhe introduction o! the !unction, time, 1s the unique and valuable feature of the equa­
tio~. lquation {5) reduces to fhiem's or Slichter's equation tor artesian conditions when the 
ttm. of pwaplnc is l&r&•· 
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Empirical tests or the e~uation are 
best made with the data obtained by L. K. 
Wenzel (Recent investigations or Thiem's 
method !or determining permeability or water­
bearing sediments, Trans. Amer. Geophys. 
Union, 13th annual meeting, pp. 313-317, 1932; 
also Specific yield determined !rom a Thiem's 
pumping test, Trans. Amer. Geophys. Union, 
14th annual meeting, pp. 475-477, 1933) !rom 
pumping tests in the Platte Valley in Ne­
braska. Figure 1 presents the comparison or 
the computed and observed draw-downs a!ter 
two days or pumping. The observed values 
are those of the generalized depression or 
the water-table as previously determined by 
Hr. Wenzel. The computed values are ob­
tained by equation (5), using values o! per­
meability and speci!lc yield that are witnin 
one per cent or those determined by Hr. Wen­
zel by other methods. The agreement repre­
sented may be regarded as showing either that 
the draw-downs have been computed !rom known 
values or transmissibility and specific 
yield or that these !actors have been com­
puted !rom the known draw-downs. FF~rNT OF 

I TRA~SMI,SIBILlTY, 
2.5 Theoretically, the equation applies 

FIG. I-OBSERVED AND COMPUTED 
DRAW-DOWNS IN VICINITY OF A 
WELL AFTER PUMPING 48 HOURS 

rigidly only to water-bodies (1) whicb are 
contained in entirely homogeneous sediments, 
(2) which have infinite areal extent, (3) in 
which the well penetrates the entire thick-

3.0 ness or the water-body, (4) in which tne co-
tJ efficient of transmissibility is constant at 

all times and in all places, (5) in which the 
pumped well bas an infinitesimal diameter, 

and (6) - applicable only to unconfined water-bodies - in which the water in the volume o! sedi­
ments through which the water-table has !allen is discharged instantaneously with the !all or 
the water-table. 

These theoretical restrictions have varying degrees or importance in practice. The errect 
or heterogeneity in the aquifer can hardly be foretold. The effect of boundaries can be con­
sidered by more elaborate analyses, once they are located. The effect or the well failing to 
penetrate the entire aquifer is apparently negligible in many cases. The pumped well used in 
the set-up that yielded the data for Figure 1 penetrated only 30 teet into a 90-!oat aquifer. 
The coefficient o! transmissibility must decrease during the process of pumping under water-table 
conditions, because or the diminution in the cross-section of the area o! !low due to the !all 
of the water-table; however, it appears !rom Figure 1 that 1! the water-table falls thrOugh a 
distance equal onlY to a small percentage o! the total thickness or the aqui!er the errors are 
not large enough to be observed. In artesian aquifers the coefficient or transmissibility 
probably decreases because of the compaction or tije aquifer, but data on this point are lacking. 
The error due to the finite diameter or the well is apparently always insignificant. 

In heat-conduction a specific amount or heat is lost concomitantly and instantaneously with 
fall in temperature. It appears probable, analogously, that in elastic artesian aquifers a 
specific amount or water is discharged instantaneously !rom storage as the pressure ralls. In 
nonartesian aquifers, however, the water !ro~ the sediments through which the ~ter-table has 
!allen drains comparatively slowly. This time-lag in the discharge or the water ~ade available 
!rom storage is neglected in the mathesatical treatment here given. Hence an error is always 
present in the equation when it is applied to water-table conditions. However, inasmuch as the 
rate or !all or the water-table decreases progressively atter a short initial period, it seems 
probable that as pumping continues the rate o! drainage or the sediaents tends to catch up with 
the rate of !all of the water-table, and hence that the error in the equation becoaes progres­
s! vely smaller. 

For instance, although the draw-dawns coaputed !or a 24-hour period or puaping inftr. Ven· 
zel' s test showed a de!ini te lack or 'llgi'eement with the observations, sWlar c011putat1ons !or a 
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48-hour period gave the excellent agreement shown in Figure 1. UnfortunatelY data !or periods 
ot pumping longer than 48 hours have not been available. 

The equation implies that any two observations or draw-down, whether at dif!erent places or 
at the same place at different times, are sufficient to allow the computation or specific yield 
and transmissibility. However, more observations are always necessary in order to guard against 
the possibility that the computations will be vitiated by the heterogeneity of the aquifer. 
Moreover, it appears that the time-lag in the drainage or the unwatered sediments makes it impos­
sible at present to compute transmissibility and specific yield !rom observations on water­
levels in onlY one observation-well during short periods or pumping. Good data from artesian 
wells have not been available, but such data as we have hold out the hope that transmissibility 
and specific yield may be determined from data !rom only one observation-well. 

A useful corollary to equation (5) may be derived from an analYsis of the recovery of a 
pumped well. rr a well is pumped !or a known period and then le!t to recover, the residual 
draw-down at any instant will be the same as i! pumping or the well had been continued but a re­
charge well with the same !low bad been introduced at the same point at the instant pumping 
stopped. The residual draw-down at any instant w1+1 then be 

v' ~ (114.6F/7) (Ji~s7r2s/rt (e-u/u)du - ~l~S7r2s/rt' (e-u/u)du (6) 

where t is the time since pumping started and t' is the time since pumping stopped. 

In and very close to the well the quantity (1.87r2s/Tt 1 ) will be very small as soon as t' 
ceases to be small, because r is very small. In many problems ordinarilY met in ground-water 
hydraulics, all but the first two terms of the series or equation (3) may be neglected, so that, 
if z • (l.S7r2s/rt) and Z1 = (l.S7r2s/rt') equation (6) may be approximately rewritten 

v' • (ll4.6F/7} [-0.577- logeZ + 0,577 + logeZ(t/t')] = (ll4.6F/T} log
6
(t/t 1) 

Transposing and converting to common logarithms, we have 

T • (264F/v 1 ) log10 (t/t 1 ) (7) 

This equation permits the computation or the coe!!icient o! transmissibility or an aqui!er !rom 
an observation or the rate or recovery or a pumped welL 

Figure 2 shows a plot or observed recovery-curves. The ordinates are log (t/t 1 ); the ab­
scissas are the distances the water-table lies below its equilibrium-position. According to 
equation (7) the points should !all on a straight line passing through the origin. curve A is a 
plot or the recovery or a well within 3 teet or the well pumped !or Hr. Wenzel's test, previously 
mentioned. Kost or the points lie on a straight line, but the.line passes below the origin. 
This discrepancy is probably due to the !act that the water-ta:b.a:e·r1ae.s !aster than the sur­
rounding pores are filled. The coefficient or permeability computed !rom the equation is about 
1200, against a probably correct !igure or 1000. Curve B is plotted !rom data obtained rrom an 
artesian well near Salt LaKe City. The points all !all according to theory. 

Curve C shows the recovery or a well penetrating onlY the upper part o! a nonartesiao aqui­
fer o! comparatively low transmissibility. lt departs markedlY rrom a straight line. This 
curve probably follows equation (6), but it does not !allow equation (7), !or in this case 
(l.S7r2s/rt•) is not small. Equation (6), involving rand s, neither or which may be known in 
practice, is not or practical value tor the present purpose. Further empirical tests may show 
that it is feasible to project the curve to the origin, in the neighborhood or which 
(1.67res/rt') becomes small, owing to the increase in t and t•, and apply equation (7) to the 
extrapolated values so obtained in order to determine at least an approximate value or the 
transmissibility. 

The paramount value or equation (5) apparently lies in the tact that it gives part o! the 
theoretical background !or predicting the future etrects or a given pumping regimen upon the 
water-levels in a district that is primarilY dependent on ground-water storage. such districts 
aay include aany or those tapping extensive nonartesian bodies or ground-water. Figure 3 shows 
the vertical rate o! !all o! the water-level in an infinite aquiter, the water being all taken 
!rom storage. The curves are plotted ror oertain definite values o! puaping rate, transa1ss1-
bil1ty, and speo1!1c yield, but by changing the scales either curve could be made applicable to 
any values set up. 
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These theoretical curves agree qualitatively with the !acts generally observed when a well 
is pumped. The water-level close to the well at first !ells very rapidlY, but tbe rate o! !all 
soon slackens. In the particular case considered in Figure 3 the water-level at a point 100 
feet from the pumped well would fall during the first year of pumping more than nalt tne dis­
tance it would fall in 1000 years. A delayed e!fect or the pumping 1s sllown at. distant points. 
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The water-level at a point about 6 ~lee !rom the pumped well of Figure 3 would fall only minute­
~ for about five years but would then begin to fall perceptibly, although at a much less rate 
than the water-level close to the well. Incidentally the rate of fall after considerable pump­
ing is so small that it might easilY lead to a false assumption o! equilibrium. The danger tn a 
pumping district using ground-water storage lies in the delayed interference of the wells. For 
instance, although 1n 50 years one well would cause a draw-down or only 6 inches in another well 
6 miles away, yet the 100 wells that might lie within 6 ~les or a given well would cause in it 
a total draw-down of more than 60 feet. 

In the preparation or this paper I have had the indispensable help not only of Dr. Lubin, 
who furnished the mathematical keystone of the paper, but also or Dr. C. E. Van Oretrand, of the 
United States Geological survey, and ot my colleagues of the Ground Water Division of the Survey, 
who cordially furnished data and criticism. 

u. s. Geological Survey, 
washington, D. c. 


