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THE RELATION BETWEEN THE LOWERING OF THE PIEZOMETRIC SURFACE AND THE RATE
AND DURATION OF DISCHARGE OF A WELL USING GROUND-WATER STORAGE

Charles V. Theis

When a well is pumped or otherwise discharged, water-levels in 1ts neighborhood are lowered.
Unless this lowering occurs instantaneously it represents a loss of storage, either by the un-
watering of a portion of the previcusly saturated sediments if the aquifer is nonartesian or by
release of stored water by the compaction of the aquifer due to the lowered pressure if the
aquifer is arteslan. The mathematical theory of ground-water hydraulics has been based, appar-
ently entirely, on a postulate that equilibrium has been attained and therefore that water-levels
are no longer falling. In a great pumber of hydrologic problems, lnvolving a well or pumping
district near or in which water-levels are falling, the current theory is therefore not strictly
applicable. This paper lnvestigates in part the nature and consequences of a mathematical theory
that considers the motion of ground-water before equilibrium 1s resched and, as & cansequence,
involves time as a variable.

To the extent that Darcy's law governs the motion of ground-mater under natural conditions
and under the artificial conditions set up by pumping, an analogy exists between the hydrologic
conditions in an aguifer and the thermal conditions in a similar thermal system. Parcy's law is
analogous to the law of the flow of heat by conduction, hydraulic pressure being analogous to
temperature, pressure-gradient to thermal gradient, permeability to thermal conductivity, and
specific yield to specific heat. Therefore, the mathematical theory of heat-conduction devel-
opad by Fourier and subsequent writers is largely applicable. to hydraulic theory. This anslogy
has been recognized, at least since the work of Slichter, but apparently no attempt has been
made to introduce the function of time into the mathematics of ground-water hydrology. Among
the many problems in heat-conduction analogous to those in ground-water hydraulles are those
concerning sources and sinks, sources belng snalogous to recharging wells and sinks to ordinary
discharging wells.
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€. I. Lubin, of the University of Cincinnati, has with great kindness prepared for me the
following derivation of the equation expressing changes in temperature due to the type of source
or sink that is analogous to a recharging or discharging well under certain ldeal conditions, to
be discussed below.

The equation given by H. 5. Carslaw (Introduction to the mathematical theory of the con-
duction of heat in solids, 2nd ed,, p. 152, 1921) for the temperature at any point in an infinite
plane with initial temperature zero at any time due to an %instantaneous line-source coinciding
with the axls of 2z of strength Q" (involving two-dimensional flow of heat) is
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where v = change in temperature at the point x,y at the time t; Q = the stremgth of the source
or sink--in other words, the amount of heat added or taken ocut instantaneously divided by the
specific heat per unit-volume; k = Kelvin's coefficlent of diffusivity, which is equal to the
coefficlent of conductivity divided by the specific heat per unit-volume; and t = time.

The sffect of a continuous source or sink of constant strength is derived from equation (1)
as folloms: Let Q@ = g(t!)dt'; then v(y y 1) = [ Sttt /amk(t-t1)] o CBR Ak (et o
Let p(t') = X, a constant; then v(y) = (M/4Tk) Lt[e_(XZJ’ya)/‘i-x(t“t‘)/(t-t')] dtt. Let
u = (xP+y®)/4 k (£-t1); then
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The definite integral, JQx2+y2)/4;ct (e"Y/u)du, 1s a form of the exponential integral,

tables of which are available (Smithsonian Physical Tables, 8th rev, ed., table 32, 1933; the
values to be used are thoge given for Bl (-x), with the sign changed). The value of the integral
18 given by the series
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Equation (2) can be immedimately adapted to ground-water hydraulics to express the draw-down
&t any peint at any time due to pumping = well. The coefficient of diffusivity, , 1is analogous
to the coefficient of transmissibility of the aquifer divided by the specific yield. (The term
Fooefficient of transmissibility® is here used to denote the product of Heinger's coefficient of
permeabllity and the thickness of the saturated portion of the aquifer; it quantitatively de-
seribes the abllity of the aquifer to transmit water. Meinzer's coefficlent of permsablility de-
notes & characteristic of the material; the cosfficlent of transmissibility denotes the analogous
characteristic of the agquifer as a whole.) The continmious strength of the sink is analogous to
the pumping rate divided by the specific yleld. Making these substltutions, we have
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in which the symbols have the meanings gilven with sguation (5). In equation (4) the same units
must of course be used throughout. Equation (4) may be adapted to units commonly used

o
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where v = the draw-down, in feet, st gny point in the vicinity of a well pumped at a2 uniform
rate; F » the discharge of the well, in gallons & minute; T = the coefficient of transmissibil-
ity of aquifer, in gallons a day, through each l-foot strip extending the height of the aquifer,
under & unit-gradient--this is the average coefficient of permeability (Meinzer) nultiplied by
the thickness of the aquifer; r = the distance from pumped well to point of ohservation, in feet;
s = the gpecific yield, as a decimel fractlon; mnd t = the time the well has been pumped, in days.

Equation (5) gives the drew-down at any pofnt around a well being pumped uniformly (and
continueusly) from a homogenesus aquifer of constant thickness and Infinits areal extent at any
time. The introduction of the function, time, im the unique and valuable featurs of the equa-
tiom. Equation {5) resduces te Thiem's or Slichter's equation for artesisn conditions when the
tima of pumping im large.
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. DISZ%%CE FRC;NSOPUMPEgOgELL "‘éOFOEET Bupirical tests of the equetion are
best made with the dats obtained by L. K.
Wenzel (Recent investigations of Thiem's
method for determining permeability of watep-
COMPUTEDH bearing sediments, Trans. Amer. Geophys,
OBSERVED Unien, 13th annual meeting, pp. 313-317, 1932;
0.5 ( also Specific yleld determined Irom a Thiem's
pumping test, Trans. Amer. Geophys. Unton,
14th annual meeting, pp. 475-477, 1933) from
pumping tests in the Platte Valley in Ne-
/ braska. Figure 1 presents the comparison of
1.0 the computed and observed draw-downs after
/ two days of pumping. The observed values
[ are those of the generalized depresslon of
the water-table as previcusly determined by
/ Hr. Wenzel. The computed values are ab-
talned by equation (5), using values of per-
meabllity and specific yleld that are within
one per cent of those determined by Mr. Wen-
zel by other methods. The agreement repre-
sented may be regarded as showing elther that
the draw-downs have been computed from kncsm
values of transmissibility and specific
yield or that these factors have been com-
puted from the known draw-downs.

DRAW-DOWN IN FEET

l PUMPING RATE, 526 G.PM.; SPECIFIC
YIELD, 22.25%; COEFFICIENT| OF
TRANSMISSIBILITY, 90,040.

25 Theoretically, the equation applies
| FIG. I—OBSERVED AND COMPUTED rigidly only to water-bodles (1) which sre
DRAW-DOWNS IN VICINITY OF A contained in entirely homogeneous sediments,
WELL AFTER PUMPING 48 HOURS (2) which have infinite areal extent, (3) in
which the well penetrates the entire thick-
ness of the water-body, (4) in which the co-
30 efficlent of transmissibility is constent at
all times and 1n all places, (5) in mhich the
pumped well has an infinitesimal diameter,
and (6) - applicable only to unconfined water-bodies - in which the water in the volume of sedi-
ments through which the water-table has fallen 1s discharged instantaneously with the fall of
the water-table.

je o

These theoretical restrictions have varylng degrees of lmportence in practice. The effect
of heterogenelty in the aquifer can hardly be foretold. The effect of boundaries can be con-
sidered by more elaborate analyses, once they are located. The effect of the well failing to
penetrate the entire aquifer is apparently negligible in many cases. The pumped well used in
the set-up that ylelded the data for Figure 1 penetrated only 30 feet intoc a 90-foot aquifer.
The coefficlent of transmissibility must decrease during the process of pumping under mater-table
conditions, because of the diminution in the cross-section of the area of flow due to the fall
of the water-table; however, 1t appears from Figure 1 that if the water-table falls through a
distance equal only to a small percentage of the total thickness of the aquifer the errors are
not large enough to be observed. In artesian aquifers the coefficient of transmissibility
probably decrsases because of the compaction of the aquifer, but data on this point are lacking.
The error due to the finite diameter of the well is apparently always insignificant.

In heat-conduction a specific amount of heat is lost concomitantly and instantaneously with
fall in temperature. It appears probable, analogously, that in elastic arteslan aquifers a
specific amount of water is discharged instantaneously from storage as the pressure falls. In
nonartesian aquifers, however, the water from the sediments through which the water-table has
fallen drains comparatively slowly. This time-lag in the discharge of the water made available
from storage 1s neglected in the mathematical treatment here given. Hence an error is always
present in the equation when it is applied to mater-table conditions. However, inasauch ss the
rate of fall of the water-table decreases progressively after a shert initiel period, it seeas
probable that as pumping continues the rate of drainage of the sediments tends to catch up with
the rate of fall of the water-table, and hence that the error in the equation becomes progres-
sively smaller.

- i0d of pumping in Hr, Wen-
For instance, although the draw-downs computed for a 24-hour per
zel's test shoned’a definite lack of agreement with the observations, similer computatlons for &
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48-hour period gave the excellent agreement shown in Figure 1. Unfortunately data for periocds
of pumping longer than 48 hours have net been avallable,

The equation lmplies that any two observatlons of draw-down, whether at different places or
at the same place at different times, are sufficient to allow the computation of specific yleld
and transmissibllity. However, more observations are always necessatry in order to guard against
the possibllity that the computations will be vitiated by the heterogeneity of the aquiter.
Moreover, 1t appears that the time-lag in the drainage of the unwatered sediments makes it impos-
sible at present to compute transmissibility and specific yleld frow ohservations on water-
levels in only one observation-well during short perieds of pumping. Good data from artesian
wells have not been avallable, but such data as we have hold out the hope that transmissibility
and specific yleld may be determined from data Irom only one observation-well.

4 useful corollary to equation (5) may be derived from an analysis of the recovery of a
pumped well. If a well is pumped Ior a known period and then left to recover, the residual
draw~down at any instant will be the same as 1f pumping of the well had been continued but a re-
charge well with the same flow bad been introduced at the same point &t the instant pumping
stopped. The residual draw-down at any ipstant will then be

© -t @ -1
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where t 1s the time since pumping started and t' 1s the time since pumping stopped.

In and very close to the well the quantity (1.8?r25/?t‘) will be very small as soon as t!
ceases Lo be small, because r 15 very small. In meny problems ordinarily met in ground-water
hydraullics, all but the first two terms of the series of equation (3) msy be neglected, so that,
it 2 = (1.87r2s/rt) and 2' = (1.87r3s/7t') equation (8) may be approximately rewritten

v! = (114.6F/7) [-0.577 - log,Z + 0.577 + loggZ(t/t')] = (114.6F/7) logg(t/t')
Transposing and converting to common logarithms, we have
T = (264F/v') logyy (t/t') (7}

This equation permits the computation of ths coefficlent of transmissibility of an aquifer from
an observatlon of the rate of recovery of & pumped well.

Figure 2 shows a plot of observed recovery-curves. The ordinates are log (t/t!); the ab-
scisses are the distances the water-table lles below its equilibrium-position. According to
eguation (7) the points should fall on a straight line passing through the origin. Curve A is a
plot of the recovery of & well within 3 feet of the well pumped for Mr. Wenzel!s test, previously
wmentioned. Most of the points 1ie on a straight line, but the line passes below the origlo.
This discrepancy is probably due to the fact that the water-table~rises faster than the sur-
rounding pores are filled. The coefficlent of permeability computed from the equation 1s about
1200, against a probably correct figure of 1000. Curve B 1s plotted from data obtained IrTom an
artesian well near Salt Lake City. The points all fall according to theory.

Curve C shows the recovery of a well penetrating only the upper part of a nonartesian agul-
fer of comparatively low transmissibility. It departs markedly from a straight line. This
curve probably folloms equation (6), but 1t does not follow equation (7), for im this case
(1.87r5/7Tt') 15 not small., Equation {8), involving r and s, nelther of which msy be kmown in
practice, 1s not of practical value for the present purpose. Further empirical tests may show
that 1t 1s feasible to project the curve to the origin, in the neighborhood of which
(1.87r%s/7t') becomes small, owing to the increase in t and t', and apply equation (7) to the
extrapolated values so obtaimed in order to determine at least an approximate value of the
transaissibility.

The paramount value of equation {S) apparently lies in the fact thst 1t gives part of the
theoretical backaround for predicting the future effects of & given pumping reglmen upon the
water-levels in a district that is primarily dependent om ground-water storage. Such districis
mey include many of those tapping extensive nonartesian bodies of ground-mater. Figure 3 shows
the vertical rate of fall of the water-level in an infinite aguifer, the water belng all taken
from storage. The curves are plotted for certain definite values of pumping rate, transmissi-
bility, and specific yleld, but by changing the scales either curve could bs made applicable to
any values set up.
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/ FIG. 2—RECOVERY~CURVES OF CERTAIN WELLS
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These theoretical curves agree qualitatively with the facts generally observed when a well
is pumped. The water-level close to the well at first falls very rapidly, but the rate of fall
soon slackens. In the particular case consldered in Figure 3 the water-level at & point 100
feet from the pumped well would fall during the first year of pumping more than helf the dis-
tance it would fall in 1000 years. A delayed effect of the pumping 15 shown at distant points.
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The water-level at & point sbout 8 miles from the pumped well of Figure 3 would fall only minute-
ly for about [ive years but would then begin to fall perceptibly, although at a much less rate
than the water~level close to the well. Incidentally the rate of fall after considerable pump-
ing 18 so swmall that it might easily lead to & false assumption of equilibrium. The danger in a
pumping district using ground-water storage lles in the delayed interference of the wells. For
instance, although in 50 years one well would causs a draw-down of only § inches in another well
8 miles away, yet the 100 wells that might lie within 8 miles of & given well would cause in it
& total draw-down of more than 50 fest.

In the preparation of this paper I have had the indispensable help not only of Dr. Lubin,
who furnished the mathematical keystone of the paper, but also of Dr. C. E. Van Oretrand, of the
United States Geologlcal Survey, and of my colleagues of the Ground Water Division of the Survey,
who cordially furnished data and criticism.

U. 8. Geological Survey,
Washington, D. C,



